MULTIPLE WARPED PRODUCT METRICS INTO QUADRICS 
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Abstract. In this paper, we will construct smooth isometric immersions of 
multiple warped products metrics in quadrics of semi-Euclidean spaces. Our 
main theorem generalizes previous results as given by Blanusa, Rozendorn, 
Henke and Azov. 

1. Introduction 

By fundamental works of Nash [TB] and Gromov and Rokhlin [TT] we know 
that every m-dimcnsional smooth Riemannian manifold admits a smooth isometric 
immersion in an n-dimcnsional Euclidean space R ra , for some n < max{m(m + 
5)/2, m(m + 3)/2 + 5}, see Giinther [Hj. Since then the problem of finding the 
lowest codimension possible is one of the major open problem in the theory of 
isometric immersions. For books and surveys about this subject see, for instance, 
Gromov and Rokhlin [IT], Jacobowitz [17], Poznyak and Sokolov [21], Aminov [JJ, 
Dajczer [8], Borisenko [6] and Han and Hong [13]. On the other hand, since that the 
results of Nash and Gromov and Rokhlin arrive from existence results for certain 
PDE's, it is also a very interesting problem the construction of isometric immersions 
for each Riemannian metric given in a Euclidean space, mainly if the codimension 
attained is lower than the one given by the theorems of Nash [18] and Gromov and 
Rokhlin 1 1 1 j . This is the point of view of the present paper. 

Blanusa |31[5] gave a beautiful method to construct smooth isometric embeddings 
of the hyperbolic plane H 2 in the Euclidean space R 6 and in the standard spherical 
space S 8 . Pozniak [20] wrote about the Blanusa's surface: "There is no doubt that 
this result is one of the most elegant in the theory of immersions of two-dimensional 
manifolds in Euclidean space". Also in [4j[5], Blanusa constructed smooth isometric 
immersions of an infinite Mobius band with hyperbolic metric in R 8 and in § 10 , 
and an isometric immersion of the hyperbolic space H™ in R 6 "~ 5 . His method 
was used and modified in further works: (i) Rozendorn |22] constructed smooth 
isometric immersions of the plane R 2 with a warped product metric of the form 
da 2 = dt 2 + f(t) 2 dx 2 in the Euclidean space R 5 ; such class of metrics includes the 
hyperbolic one which is isometric to the metric da 2 = dt 2 + e 2t dx 2 . A celebrated 
theorem of Hilbcrt PJj] states that H 2 cannot be isometrically immersed in R 3 
and the existence of an isometric immersion of H 2 in R 4 it is already an unsolved 
problem (for a partial answer see Sabitov [23] )• (ii) Henke [14] exhibited isometric 
immersions of H" in R 4 ™ -3 and in § 4rl " 3 . (iii) Henke and Nettekoven [15] showed 
that HP can be isometrically embedded in R 6 ™ -6 whose image is the graph of a 
smooth map g : R n — > R 5n ~ 6 . (iv) Azov [2] |3] considered the Euclidean space 
R n = K x R™ -1 endowed with one of the two class of warped metrics: da 2 = 
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dt 2 + f(t) 2 X)"=i drf an( i da 2 = 5(*) 2 YTj=i dx] and solve the problem of their 
immersibility in Euclidean and spherical spaces. 

We will consider the product manifold M n = I x R"" 1 , where I is an open 
interval, endowed with a multiple warped product metric of the form: 

(1) da 2 = p(tfdt 2 + rn(tfdxl + ... + rj n - 1 (t) 2 dxl_ 1 

where p,r\j : I — > (0, oo), with j = 1, ...,n— 1, are positive smooth functions. 
We will use the Blanusa method to exhibit isometric immersion of these metrics in 
quadrics of semi-Euclidean spaces. There exists a wide literature about aspects of 
rigidity and non immersibility of these spaces (see for instance Nolker [19] . Chen 
[7], Florit [10], Dajczer and Tojeiro [9] and references therein). 

We recall that the semi-Euclidean space R™, with < a < n integers, is simply 
the Euclidean space l n endowed with the inner product of signature (a,n — a) given 

by 

(2) ( , ) = - dx\ - . . . - dx 2 a + dx 2 a+1 +...+ dx 2 n , 

where dxj, with j = 1, . . . ,n, denote the canonical coframes of 1". Given c > 0, 
let S 1 ™ (c) and c) be the following quadrics hypersurfaces: 

§:w4xeRI +1 I (x,x) = \ 



c 

M n a (-c) = fx 6 Ktl I 

Both hypersurfaces are semi-Riemannian manifolds with signature (a, n — a) and 
have constant curvatures c and — c, respectively. If a = then Sq(c) = S™(c) is 
the standard sphere and Hg(— c) = H™(— c) is the hyperbolic space. If a = 1 then 
the semi-Riemannian universal covering spaces of S™ (1) and H™(— 1) are called de 
Sitter dS n and anti-de Sitter AdS n spaces, respectively. 
Our main result is the following theorem. 

Theorem 1.1. Let M n = I x R™ _1 ; where I is an open interval, be the product 
manifold endowed with a multiple warped product metric as given in {!]]. Then, for 
all c > and all non-negative integer < a < n — 1, the manifold M admits: 
(i) smooth isometric immersions in jj4>i-2a-3^. 
(ii) smooth isometric immersions in §^ n_2a ~ 3 (c); 
(Hi) smooth isometric immersion in H^ Tl_a_3 (— c); 
(iv) smooth isometric embeddings in M^" _6a_7 ; 
(v) smooth isometric embeddings in S* n_6a_5 (c); 
(vi) smooth isometric embeddings in H^" _5a_7 (— c); 

(vii) smooth isometric embeddings in R^™ _3a_4 , if inf r] a + j (t) > 0, for all j > 1. 
All the immersions and embedding above are given explicitly. If a = n — 1 then the 



immersions of items (i) and (in) are actually embeddings and all the immersions 



and embedding above are analytic provided that p, r\ are analytic functions. 

The two-dimensional version of Theorem 1 1.1 1 is the following result. 
Corollary 1.1. Let M 2 =/xRfc the product surface, where I is an open interval, 



are 



endowed with the metric da 2 = p(t) 2 dt 2 + i](t) 2 dx 2 , where p,r) : I (0,oo 
positive smooth (analytics) functions. Then, for all c > 0, the surface M admits: 
(i) smooth isometric immersions in R 5 , S 5 (c) and H 5 (— c); 
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(ii) smooth isometric embeddings inM. 9 , § n (c) and H 9 (— c); 
(Hi) smooth isometric embeddings in R 6 , if mit^i rj(t) > 0. 
(iv) smooth (analytic) isometric embeddings in Rf ; 

(v) smooth (analytic) isometric immersion in Sf (c); 
(vi) smooth (analytic) isometric embeddings in Hf (— c); 

Remark 1 . About Theorem 11.11 if the metric citr 2 is of the form: 

(3) da 2 = dt 2 + r](t) 2 or da 2 = p(t) 2 (dt 2 + dx 2 ) 

then the smooth isometric immersion of M 2 in R 5 was given by Rozendorn [22] and 
the smooth isometric immersion of M 2 in S 5 (l) was given by Azov j2]. Henke and 
Nettekoven [15] showed that if the metric of M 2 is of the form 

(4) da 2 = dt 2 + (r)(t) 2 + l)dx 2 

then it admits an isometric embedding in R 6 . Note that the metrics of the form ([3]) 
and (j4|) include the hyperbolic ones. The isometric embedding of the hyperbolic 
metric da 2 = dt 2 + cosh(t) 2 dx 2 = dt 2 + (sinh(t) 2 + l)dx 2 was given by Blanusa g]. 

Let fi : (Mi,gi) — >• R™ 1 , with I = 1, . . . , k, be isometric immersions of the Rie- 
mannian manifold (Mi,gi) in the Euclidean spaces R™ 1 . Let p,r]i : I — > (0,oo) be 
positive smooth functions, where / is an open interval. It is simple to show that 
the product manifold M = I X Mi x . . . x with the warped product metric 

(5) g = p{t) 2 dt 2 + m(t) 2 9l + ... + iik{t) 2 g k 

is isometrically immersed in the product space / x R" 1 x . . . x R" fc endowed with 
the warped product metric 

da 2 = p(t) 2 dt 2 + m (t) 2 {dx 2 u + ... + dx 2 ni ) + ... + n k {t) 2 {dx 2 kl + ...+ dx 2 knk ), 

where xi = (xn, . . . , xi ni ) denotes the coordinates of R™'. Thus it is a consequence 
of Theorem 1 1.1 1 the following result. 

Corollary 1.2. With the notation above, the manifold (M,g) admits: 

(i) smooth isometric immersions in M.* n ~ 2a+1 , S^ n ~ 2a+1 (c) and H^™~ a+1 (— c); 
(ii) smooth isometric embeddings mR®"~ 6a+1 , §^- 6o+3 (c) and B. s a n - 5a+1 (-c), 

provided that f\ is an embedding, for all I = 1, . . . ,k; 
(Hi) smooth isometric embeddings in M„ ~ + , provided that f\ is an embedding 
and inf t6 / T)i{t) > 0, for all I = 1, . . . , k. 

2. Two-dimensional warped metrics in tridimensional quadrics and 

the blanusa's functions. 

We will to consider some situations where is relatively simple to construct iso- 
metric immersions of warped product surfaces in tridimensional quadrics. Cylinder 
over plane curves and surfaces of revolutions are the simplest class of warped prod- 
uct metrics isometrically immersed in R 3 . Furthermore, the hyperbolic plane H 2 
can be seen as a connected component of H 2 (— 1) C R? or as a totally geodesic 
embedded surface in H 3 (— 1). Further cases are given in Proposition 12. II below. 

Proposition 2.1. Let M 2 = I X J the product surface endowed with the warped 
product metric: 

da 2 = p{t) 2 dt 2 +n{t) 2 dx 2 . 
Then, for all c > 0, the surface M admits: 
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(a) isometric immersions in R 3 , ifrj'(t) 2 < p(t) 2 , for all t £ I; 

(b) isometric immersions in § 3 (c), if rj{t) 2 < - — cplty 1 > f or a ^ t € 

(c) isometric immersions in H 3 (— c), if r/'(t) 2 < p(i) 2 (i + r](t) 2 ), for all t £ I; 

(d) isometric embeddings in R 3 

(e) isometric immersions in § 3 (c) 

(f) isometric immersions mH 3 (— c), ifri(t) 2 < -; or rj ' (t) 2 > p(t) 2 (- + n(t) 2 ), 
for all t £ I : 

Moreover, if the functions p, rj are analytic then the immersions above are analytic. 

Remark 2. About Items (a)| (c) and |(f)| in Proposition 12.11 the warped product 
metrics of the form: 

n'{tfdt 2 + n{t) 2 dx 2 and . V '^\, dt 2 + n(t) 2 dx 2 

i + Vit) 2 

have constant Gaussian curvatures and — c, respectively. In particular, the warped 
metrics dt 2 + t 2 dx 2 and dt 2 + sinh(<) 2 da; 2 ! with t > 0, have constant curvatures 
and — 1, respectively. 



Proof of Provosition \2. 1\ First we will prove (a) To do this, we assume that 
n'(t) 2 < p(t) 2 , for all t £ I. Let f : I X J -> R 3 be the smooth function 

f(t,x) = ( f yJp{T) 2 -i{T)Hr, V (t)g(x)), 

J to 

where to £ I and g : R — > R 2 is the map given by 
(6) g(u) = (cos(m), sin(u)). 

Note that / is obtained by the revolution of the curve a(t) = (\J p(t) 2 — rfjt) 2 , n(t)), 
with t £ I, in the yz-plane around the z-axis. A simple computation shows that 
the metric induced by / satisfies /*(( , )) = p(t) 2 dt 2 + n(t) 2 dx 2 , which implies that 



/ : M R 3 is an isometric immersion. This concludes (a) 

To show (c) we assume that n'{t) 2 < p{t) 2 {± + riit) 2 ), for all t £ I. Let f h 
I x J — ► R 2 x R 2 be the smooth map given by 



f h (t,x) = (\J±+r){t) 2 h(6 h (t)),r)(t)g(x)), 

where h : R — > R 2 is the map given by 

(7) h(u) = (cosh(u), sinh(u)) 

and Oh : I — > R is the function given by 

The function 6h is well defined since p{t) 2 > i^_^^ 2 ; f° r a U t £ I. Furthermore, 

since (fh(t,x), fh(t,x)) = — ^, the image of fh is contained in H 3 (— c). Using that 
(h(u), h(u)) = — 1, (h(u), h'(u)) = and (h'(u), h'(u)) = 1, by a direct computation, 
it follows that 

= (- 1 T^ 2 + (\ + ^y^ 2 + ii{t)2 ) dt2 + ^ t)2dx2 

= p(t) 2 dt 2 + n{t) 2 dx 2 . 
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Thus, fh : M — > H 3 (— c) is an isometric immersion, which concludes (c) 

To show |(b)[ we assume that + crj(t) 2 < 1, for all tel. Let f a : I x J 
be the map given by 



\I^-V(t) 2 9(8 s (t)),r,(t)g(x)\, 



where 6 S : I — > R is the function defined by 



t I 1 I 



The function f s is well defined since ^|p- + ci](t) 2 < 1, which implies: 

1 1 i 

»?(*) > — 7779 > and J ^— < p(i) 2 . 



r 



By a direct computation, /*((,)) = da 2 . Since (f s (t,x), f s (t,x)) = | we conclude 
that / s : il/ 2 — > S 3 (c) is an isometric immersion. Itcm |(b)| is proved. 
To show |(d)| we consider the map / :/ xJ-slxl] given by 

f(t,x) = Qf y/pW+Wfdr, v(t)H^ , 

where h : R — >• Rf is the map as given in ([7]). By a direct computation we obtain that 
/*((,)) = <icr 2 . This implies that / : M 2 -» Rf = M x R 2 is an isometric immersion. 
Furthermore, it is easy to show that / is an embedding. This follows easily from 
the facts that the functions t £ J H f t \j p{j) 2 + rj'(t) 2 d,T and x G J i— > sinh(x) 
are diffeomorphism onto their corresponding images. This concludes |(d)| 

We will prove (e) Let f s : I x J — > R 2 x R 2 be the smooth function given by 



f s (t,x) = ( \j\+m 2 g{6 s {t)) , v(t)Kx) 
where 6 S : I — > R is the function given by 



The function 6 S is well defined since r/(t) 2 - ^{'jff/ = > 0, for all t G I. 

Since (f s (t,x),f s (t,x)\ = i, for all (t,x) £ I x J, the image of f s is contained in 
the quadric §i(c). Furthermore, the induced metric of f s satisfies: 

/:«.» = + {- c + v(t) 2 )~m 2 - «/(*)') de + V (tfdx> 

= P (t) 2 dt 2 +T](t) 2 dx 2 . 



Thus f s : M — >• §f is an isometric immersion. This concludes (c) 



(i 
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Finally, we will show [(f)] First, we assume that r](t) 2 < i, for all t £ I. Let 
fh ■ I x J — > R 2 x R 2 be the smooth map given by 



\l±-r,(t)*h{e h (t)),r,(t)h(x)\, 



where Oh .'■ I — > R is the function defined by 



A standard computation shows that (^fh(t, x), fh(t, x)^ = — i and //£(()}) = rfc 2 - 

It is not difficult to show that is an embedding. Thus, fh : M 2 — > H 3 (— c) is an 
isometric embedding. 

Now, we assume that if{t) 2 > p(t) 2 (\ + ?y(i) 2 ), for all tel. Let f h : I x J -> 
K| x R 2 be the smooth map given by 



x) = ^1 + r^) 2 cos(0 fc (i)), ^± + ^(t) 2 sin(0 h (t)), »y(t) 5 (x) J , 
where 8h : I — > M is the function given by 



By a direct computation we obtain that (fhjh) = -\ and /£((,)) = dcr 2 - Thus, 
we have that fh' M —> Hf (— c) is an isometric immersion. Item |(f)| and Proposition 
2.11 are proved. □ 



Lemma [2TT1 below was proved by Blanusa [4]. We will recall its proof for the sake 
of completeness. 

Lemma 2.1. There exist smooth functions ipi,ip2 ■ R — > R with the following 
properties: 

(i) ^i(x) 2 + i> 2 {x) 2 = 1, for all i£l and j = 1, 2; 

(ii) = V'jfa + 2 )i f° r all a; G R and j = 1, 2; 

(hi) The derivatives ipi(2l + 1 ) = 0, for all k > and Z integers ; 
(iv) The derivatives i/>%°'(2l) — 0, for all k > and Z integers. 

Proof. Consider the function £ : R — » R given by 

-i 

sin(7r.T)e , for all x non-integer; 



0, otherwise. 



Set A = f Q £(t)dt and let ipi,ip2 '■ R — ► [0, oo) the non-negative functions defined 

by 



i r + i , , /i 



Mx) = \jAj ^ t)dt and = V A Jo ^ t)dL 

It is simple to see that ip\ and -02 are well defined, since f Q £ (i)tft > 0, for all x. Since 
= £( x + 2), for all x and J Q 2 £(t)dt = we have that ipj(x) = tpj(x + 2), for all 
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x and j G {1, 2}. Since £,(t + 1) = — £(t), for all i, using change of variable, we have 

A^{x) 2 = /„ x+1 £(t)dt = A + f* +1 £(t)dt = A + f*Z(r + l)dr = A— £(j)dT = 

A - Aip 2 (x) 2 . Thus it holds that ip 1 (x) 2 + ^ 2 (x) 2 = 1, for all x. 

We will show that ipi and i/j 2 are smooth and that all the derivatives of ipi an d 

■02 satisfy ip[ k \2l + 1) = ?/4 = 0, for all fc > and Z integers. In fact, it is 

simple to see that £ is smooth and the all derivatives ^ k '(l) = 0, for all fc > 

and Z integers. Thus ip 2 ,ip 2 are smooth functions. If x 7^ 21, for all Z integer, then 

ip2(x) ^ 0, hence ip 2 is smooth at m. Since ip 2 (x) = ip2(x + 2), to show that ^2 is 

smooth at the points of the form x = 21, with Z integer, it suffices to show that ip 2 

is smooth at the point x = 0. Using that sin(7rf) 2 < (ttx) 2 , for all \t\ < \x\ < 1/2, 

. — -1 

we obtain that ^(aOI < vMe^, for all \x\ < 1. This implies that 



lim \x~ k ip 2 (x)\ < lim \x\~ k+ ^e Fl =0, 
2:— >-0 2;— >-o 

for all fc > integer. We conclude that (0) = 0, for all k > integer. A similar 
argument shows that tpi is smooth and that ^ k '(2l + 1) = 0, for all fc > and Z 
integers. Lemma 12.11 is proved. □ 

Let Si,S 2 : R — 5- (0, 00) be positive step functions satisfying: 

(I) Si(x) is constant on each interval [21 + 1, 2Z + 3), for all Z integer; 
(II) S 2 (x) is constant on each interval [2Z, 2Z + 2), for all Z integer. 

Let / be an open interval and j 1 : / — > M an analytic increasing diffcomorphism. 
For each j = 1, 2, we consider the following functions: 

ipj = ijjj o j 1 and Sj = Sj o 7 . 

We also consider the points ti = ( , ~f I )~ 1 (l) G -f, with I integer. Using Lemma T2.ll 
(I) and j (II) j we obtain 



i>[{tf +i>{{tf = 1, for all t G I; 

^((T 7 )- 1 ^)) = ((7 / ) _1 (^ + 2)), for all x G R and j = 1,2; 

(8) ^ The derivatives (t 2 i+i) = 0, for all fc > and Z integers 

The derivatives (ip 2 )^ {^21) = 0, for all fc > and Z integers. 

S[ is constant on each interval [t 2 i+i, £20+3), for all Z integer. 
S*! is constant on each interval [t 2 i,t 2 i+ 2 ), for all Z integer. 

The following lemma follows easily from ([8]). 

Lemma 2.2. For any smooth function r\ G C°°{I). the functions 7 ^*%, ( ' t " ) with 
t G / and j = 1,2, arc smooth and all their derivatives satisfy 

dt k \ Sl{t) j Si {t) 

for all fc > integer. 
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Consider the map ip = (921,^2) : I X R — > R 4 where 99 j : 7 x R — s> R 2 , with 
j = 1,2, is the map given by 



(9) ^(t,x) = ^(cos^/^.sin^/^)). 

The following result is essentially proved in [15j . 

Lemma 2.3. Let r\ : I —> R be a smooth function and <5 : 1 — >■ (0, 00) be a positive 
continuous function. Then for each integer I we can choose the step functions 
S[\[t al+11 t a+3 ) an d S'||[ t2i] i 2 ) sufficiently large so that the pull-back metric induced 
by the map r]ip : I x J — >• R 4 satisfies: 

(10) ( W )*«,» = e(t) 2 dt 2 +»j(*) a d !B a > 

where e = : I — > R is a smooth function satisfying < e(t) < <$(i), for all tel. 
Proof. Using Lemma 12.21 the partial derivatives of (pj, with j = 1,2, satisfy 



5^ ~^T(i) ^(SjVW'SfoiSi®*) 

Thus, denoting by ( , } the Euclidean metric of R 2 , we obtain that 

/ d(r,(t) Vj (t,x)) d( V (t)^(t,x)) \ ( {vm^t))' ] 

\ dt ' dt j \ S!(t) J 

/ dj-nMtpjfrx)) dimwit, x)) \ = Q 

\ dt dx 



d(r)(t)<pj(t,x)) d(r](t)cpj{t,x)) 



\ dx dx 

Using (fTTj) and the fact that i^((t) 2 + "02 W 2 = 1, for all t E I we have that the 
pull-back metric induced by rjip satisfies 

(W>)*Q = e(t) 2 dt 2 + V (t) 2 {^[{t) 2 +^ 2 {t) 2 )dx 2 

= e(t) 2 dt 2 +i](t) 2 dx 2 , 

where £ = [0, 00) is the smooth function given by 



(12) ev{t)2 ~ s{{ty 1 siity 

Since t E I M> (j](t)i()j (t))' , with j = 1,2, are smooth functions and <5 : I — > R is 
a positive continuous function, we can choose for each integer I the step functions 
S l\[t3i+ifa+3) and S 2\[t 2 i,t 2l+2 ) sufficiently large so that 

( { V (tH'i(t)yf < \s{(t) 2 5{t)\ for all t E [t 2l+1 ,t 2l+3 ); 
((»/(*) V»2(*))') 3 < ^(t) a *(t) 2 , for all t E [t 2l ,t 2l+2 ). 
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This implies that < e(t) 2 < S(t) 2 , for all t G I. Lemma LO is proved. □ 

3. Proof of Theorem 11.11 

Set < a < n — 1 integer and let b = n — 1 — a. We write the semi-Euclidean 
space R*"~ 2a ~ 4 = M 2a+4 '' isomctrically as the following form 

M 2a+4t = ^2y x R 46 = R 2 x _ _ x R 2 x R 46_ 

a times 

We denote by x = (x 1: . . . , x a+b ) the coordinates of W 1 ^ 1 = R a+b . Let P 1 : R a+b 
R a and P 2 : R a+b R b the orthogonal projections 

x = Pi(x±, . . .,x a +b) = (xi,. . .,x a ) 

X = P 2 (xi, . . . : X a+b ) = (X a +1: ■ ■ ■ ,X a+b ). 

Consider the maps r](t) = (r)i(t), . . . , r] a+b (t)) , rj(t) = Pi{-q{t)) and rj(t) = P 2 (r](t)). 
Let fj * h : I x R n ~ 1 ->■ (Kf)° and fj * tp : I x M"" 1 -)■ M 4b be the maps 

(fj*h)(t,x 1 ,...,x a+b ) = (i7i(t)fc(xi), . . . ,Va(t)h(x a )) G {Rl) a ; 

{f)*ip){t,xi,...,x a +b) = (Va+i(t)ip(t, x a+ i),...,rj a+b (t)ip(t, x a+b )) G R 4b , 

were h : I -> Rf and tp : I xR -> I 4 are smooth maps defined in (J7J and © 
respectively. Note that 

(13) d^ k {t)h{u)) = ^ (t)(c0Bh(u)j8inh(u)) . 

afaWM^)) = ^ (t)(sinh(M))COShW) . 

dt = S^t) (cosOSj'WU^OSj (*)")) 

g^ft^Vu^ = ^ (t) ^ (t) ^_ sin(5 -i (f)u) ; „»($/(«)«)); 

for all j = 1, 2, i G /, u G R, k = 1, . . . , a and r = a + 1, . . . , a + b. Thus, by 
standard computations, the pull-back metric by fj * h and fj * ip satisfy 

(14) (V*h)*((,)) = ~\f 1 '(t)\ 2 dt 2 + m (t) 2 dx 2 1 + ... + r la (t) 2 dx 2 a , 
(V*<p)*((,)) = e(t) 2 dt 2 +r la+1 (t) 2 dx 2 a+1 + ... + r la+b (t) 2 dx 2 a+b , 

where \fj'{t)\ 2 = r][(t) 2 + . . . + rj' a (t) 2 and e = e v : / — > [0, oo) is given by 

j» ((,,(i)«!(f))') 2 (Mov*))' 
<15) *"> = f g tl + gM» • 

We choose for each integer I the step functions S( |[t 2i+1 ,t 2i+3 ) and 5| |[t 21 ,t a i+2) su ^" 
ficiently large, so that, for all r = a + 1, . . . , o + b, it holds: 

(16) (Mi)ViW) 2 < ^ b S[(t) 2 P (t) 2 , for aUte[t al+l ,* 2l +3); 

( M*)^*))')* < ^SZ(t) 2 p(t) 2 , for all i G [t 2i ,t 2i+2 ). 
Thus, p(i) 2 - e(t) 2 > ^(t) 2 - 2e(t) 2 > 0, for all t G I. 
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Let / : I X W 1 - 1 -> R4n-2a-J = | x ( R 2)a x R 46 be thg m&p 

/(f.x) = VpM 2 + W(r)\ 2 - e(r) 2 dr , ij* h(t,x) , fj* <p(t, x)j . 

Using p^|) , we obtain 

/*«,» = (p(*) 2 + l^'(*)[ 2 - e(t) 2 )dt 2 + (r7*/ 1 )*((,» + (77^^r« ,)) 
= p{tfdt 2 + rii{tfdxl + ... + 7] a+b (t) 2 dx 2 a+b . 



Thus / : M n — > M. x W^ n 3 is an isometric immersion. Item (i) is proved. 
To prove item (vii)| we assume that 



27 = min jinf r] a+j {t) \ j = 1, . . . , bj > 0. 

Consider the map j(t) = (7 _|_i(f), . . . , 7 a +f,(t)), with t £ I, where each function 
7 a+ j : 7 -> (0, oo) is given by 



Let / : 7 X M n_1 -» R 5""3a-4 _g x ( R 2)a x R 6 x R 46 bc thc map 

f(t, x) = Qf ^(r) 2 + |^'(r)| 2 -e 7 (r) 2 dr , fj*h(t,x) , Lx, j*(p(t, x)J , 

where e 7 is defined in (|15p. Since e 7 satisfies 

(7V)*« . )) = e 7 (*) 2 ^ 2 + %+i(*) 2 ^ +1 + . . . + Va+b (t) 2 dx 2 a+b , 
by a standard computation, we obtain 

/*((,)) = (pitf + Wit^-e^dt' + i^hya,)) 

+L 2 (dx 2 a+1 + ... + dx 2 a+b ) + (7 * <p)*(( , )) 
= p(t) 2 dt 2 + mitfdxf + ... + i la+b {t) 2 dx 2 a+b . 
Thus, / : 7 x M. n ~ l — > j$5n-3a-4 j g an j some t r i c immersion. 
Claim 3.1. / is an embedding. 

In fact, it is simple to show that the map F : I x K n_1 — > R™ given by 
F(t,a;) = (s(t) , r)i(t) smh(xi) , ... , r] a (t)smh(x a ),Lx) , 

where s(t) = J tg \J p(r) 2 + \t)'(t)\ 2 — e 7 (r) 2 dr, with t <G 7, is an diffeomorphism of 
7 x M" _1 onto its image W = F(I x K"" 1 ) C K™. Furthermore, the projection 

p . R 5«-3a-4 = R x M 2a x K 5b ^ R x R a x R & giyen by 

P(t, xu,xi2, ...,x al ,x a2 ,yi,..., y 5 b) = (t,x 12 ,..., x a2 , yi,...,y b ) 

satisfies P o f(t,x) = F(t,x). This implies that / is injective and the inverse map 
Cf)" 1 : f(I x M™" 1 ) -> 7 x R" - 1 is continuous since (Z)" 1 = F" 1 o P|/ (JxR „-i). 
This concludes Claim I3TT1 Item (vii) is proved. 



To prove item |(ii)| fix c > 0. We choose for each integer I the step functions 
S[ |[t 2i+ i,t 21+3 ) and S*2 |[t 2i .t 21+2 ) sufficiently large so that (fTi)]) is satisfied and, for all 
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1, . . . , b, it holds: 



(17) 



r] a+ i{tfi)[{tf < —S[{t) 2 , for all t e [t 2l+1 ,t 2 i +3 ); 
8c 

Va+i{t) 2 t/4(t) 2 < ^(t) 2 , for all t G [t 2 i,t 2l+2 ). 
8c 



Consider the smooth function a : I — > [0, oo) given by 



(18) 



i=i 



Va+l {t) 2 ^[{tf , r, a+l (t) 2 r 2 (t) 2 



s[(ty 



We have that a(t) = (r]-k(p(t,x),ri-k(p(t,x)) and < a(t) < j-, for all tel. 
Furthermore, consider the smooth function b : I — >• R given by b(t) = a(t) — \fj(t)\ 2 . 



Let f s :Ix W 1 - 1 

fs(t,x) 



l 2a+4b be the map defined by 



b(t)g{9 s (t)) ,fj*h(t,x),r)-kip(t,x) 



where g 



I is given in ([5]) and 9 S : I —¥ R is the smooth function given by 



.(*) = 



p(T) 2 + \fj>(T)\ 2 ~e(r) 



b'{rf 



dr. 



4(i-ft(r) 

Claim 3.2. For each integer I, we can choose the step functions S[ |[t 2 z+i,*2z+3) 
^2 l[*2i,*2i+2) sufficiently large so that the function 8 S : I — > R is well defined. 

In fact, since b'(t) = a'(t) - 2 (fj'{t),fj(t)) and 

Va+l (t) 2 ri(t) 2 )' (Va + i(t) 2 ^(t) 2 )'\ _ 



and 



(19) 



S|(*) 2 



we have that b ^ 
function given by 

(20) 



< <5(i) + | ? y(i)| 2 | 7 7(^)| 2 1 where 5 : I —> [0,oo) is the continuous 



6(t) = 



a'(t) 2 



-a'(t) (fj'(t),fj(t)) 



Using that ± - b{t) = \ - a(t) + \fj{t)\ 2 > i + |?Kt)| 2 , it h° lds that 



6'(t) 2 



< 



r (*(*) + i^(*)i 2 i^(*)r) 



This implies that 

p(t) 2 + |?f(t)| 2 -e(t)- 



6'(i) 2 



46-6(t)) 



> p(i) 2 - £ (t) + |r)'(t)| 2 
1 



^ + l^)| 2 
p(t) 2 -e(t) + | ? r(t)| 2 



(5(t) + |r?(t)| 2 |r?'(t)| 2 ) 

\m\ 2 
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\m\ 2 



Let r : / — > R be the continuous function 

r(t) = (h + \m\ 2 ) (p(t) 2 e(t) + W(t)\ 2 (1 - 

Note that > 0, for all tel. Thus, using JTSJl and (|20]l. we can choose for 
each integer 2 the step functions ^i|[t 3 , +1 ,t 3 , +3 ) and S| |[t a :,tai+2) sufficiently large 
satisfying ([16]). p7| and < r(i), for all tel. This implies that p(t) 2 + 
\fj'(t)\ 2 - e(t) - i( l% t)) > 0, for all * e /. Claim EJ is proved. 

Note that (f s (t,x), f s (t,x)) = \. Using that {g'(u),g{u)) = and \g'{u)\ 2 = 1, 
by a standard computation, 



/;((,» 



b'{tf 



b(t))9' s (t) 2 )dt 2 



\H l c-Kt)) \c 
+ (fj*h)*((,)) + (fj *¥»)*((,» 
= p(<) 2 di 2 + r]i(t) 2 dx 2 + . . . + T^a+b^) 2 ^ 2 



Thus, / s : M n 
Let fh-I x 



34n-2a-3/ 



(c) is an isometric immersion. Item (ii) is proved. 

in-l _^ R 4 "~ a ~ 2 - 1D> 2 v l»a v fm^a ^ tb46 



if x M a x (R 2 ) a x R 4b be the map 



fh(t,x) = 



+ a(t) h(0 h (t)) , fj(t) ,fj*h,7}*<p] , 



where 6u ■ I 



is the function given by 

rt 



(*) 



to 



1 



pity - e{ty + 



a'(ty 



4fi 



(*)) 



^i+a(t) 

Note that 0^ is well defined since p(t) 2 — e(t) > 0. It is easy to see that 

(l +a (t)) + \fj(t)\ 2 +b(t) = —. 
c c 

Using that (h(u),h(u)) = -1 and (h(u),h'(u)) = and {h 1 \u) , h! (it)) = 1, for all 
u € R, by a standard computation, 



(fh(t,x)J h (t,x)} 



Thus / h : M n 



We will prove item (iv) Let T\ : 
functions 



= p(t) 2 (dt) 2 + ry 1 (t) 2 (dxi) 2 + . . . + T]a+b(t) 2 (dx a+b ) 2 . 

in— a— 3 j g an isometric immersion. Item (iii) is proved. 

-> (0, f ) and T 2 : R -> R be the analytic 



(21) 



r u 

T x (u) = - (1 + tanh(u)) and T 2 (u) = Jl-T[{T) 2 dT. 
4 Jo v 



Note that T 2 is analytic since r x '(«) = \ scch 2 (u) < f < 1. 

Consider the map (p = (ipn, (f2i, fi2, ^22) : / x R — > R 8 , where ipjk :Ixl-> R 2 , 
with j,k = 1,2, are the maps given by 

(22) <p jk (t,u) = (cos (T fc (5/(t)«)) , sin (T fc (S/(t)«)) 
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It follows from (j8]) that the maps rj r (t)tpjk {t,u), with j, k = 1,2, r = a + 1 , . . . , a + b 
and (t, ii) £ I x I, are smooth and their partial derivatives satisfy: 

dt = S^t) V \ Tk ( S 3 ^' u ') ' sm { T *>( S i 

d( Vr (t)^ k (t,u)) = m{s ; {t)u) ^ ^ {Tk{s J {t)u)) {Tk{8 J {t)u)) 

Thus, it holds that 



9 (Vr{t)<Pjk(t, 


u)) 


d (rj r (t)(p jk (t, 


«)) 


dt 


• 


dt 




d (r) r (t)ipj k (t, 


u)) 




«)) 


dt 


• 


dx 




d (r) r (t)<p jk (t, 


«)) 


d (Vr(t)<Pjk(t, 


«)) 


du 


■ 


du 





Since T{(t) 2 + T' 2 {t) 2 = i>[{t) 2 + ipi(t) 2 = 1, the pull-back metric induced by the 
map (fj*<p) : I X K'" _1 -> M 8b satisfies 

(23) (77 * £)*« , )) = 2e(i) 2 * 2 + i la+1 (t) 2 dx 2 a+l + ...+ Va+b (t) 2 dx 2 a+b , 

where e = e, ; : / — > [0, 00) is the function given as in (|15[) and satisfying that 

< e(i) < for all t G J. 

Let / : 7 x K"" 1 K 8n - 6Q - 7 = Mx (R? ) Q x M 8fc be the map 

/(f.x) = Vp(^) 2 + WW ~ 2e W 2 , v * ft (t, sr) , fj * (t, x)j . 

Using (|23|) , it is easy to see that / : M — > R 8rl ~ 6a - 7 i s an isometric immersion. 

Claim 3.3. The immersion f is injective. 

In fact, assume that /(t^a; 1 ) = f(t2,x 2 ), for some t±,t2 G / and x 1 ,^ 2 G R™ -1 . 
We write = (xj, . . . , x 3 a+b ), with j = 1,2. Using that the first coordinate of 
f(t, x) is the strictly increasing function 



(t) = / v / P(r) 2 + |^(r)| 2 -26(r)2dr, 



we obtain that t\ = t 2 - Since ^p[(ti) 2 + ipiiH) 2 = V-'ife) 2 + ^Ife) 2 = 1 we can 
assume, without loss of generality, that i/j{(ti) ^ 0. Using that 7]i(t) > 0, for 
all i = 1, . . . ,a + b and f^ti^x 1 ) — f(ti,x 2 ), we have that h{x\) = h(x 2 ) and 
ipu(ti,Xr) = ipn(ti,x 2 ), for all k = 1, . . . , a and r = a + 1, . . . , a + b. These imply 
that 

sinh(4) = sinh(.T 2 ) and Bm(Ti(Si(h)x*.)) = Bm(Ti(Si(h)x*)), 

for all k = 1, . . . , a and r = a + 1, . . . , a + b. Since 5i(ii) > and the functions 
sinh(u) and sin(Ti(u)), with u G R, are injective we obtain that x 1 = x 2 . Claim 
13.31 is proved. 



Claim 3.4. / is an embedding. 
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In fact, we need to show that the inverse map / _1 : /(/ x R™ -1 ) — > I X R n_1 
is continuous. In fact, let y n = f(t n ,x n ) be a sequence that converges to a point 
Ho = f(to,x°). Thus we have: 

(a) lims(t„) = s(t ); 

(b) ]imcpj k (t n ,x n ) = (p jk (to,x°). 

Since s(i) is a diffcomorphism of / onto its image we obtain that from (a) that 
limi„ = to. Using that ?/>f(io) 2 + V'K^o) 2 = 1, we can assume, without loss of 
generality, that V'i(^o) ^ 0. Since S\ is a positive step function and ^i^o) > wc 
obtain that S\ is a positive constant function in a neighborhood of to. This implies 
that Si(t n ) = Si(to) > 0, for n sufficiently large. Since \im n (t n ) = ^/(to) > 0, 
for all j = 1,2 we obtain from |(b)| and (f2"2"| that 



S 1 it ) S 1 (t ) 

limcos(Ti(5/(* )arn) = lim-i^P Wl (i n ,i n ) - -^P^ifo, X ) 

= cos(Ti(5/ (to)* )), 

where P : R 2 — >• R is the projection P(u,v) = u for all 6 R. Again using that 
<Si(£o) > and since cos(Ti(u)) is a diffcomorphism of R onto (0, 1), it follows that 
lim„ x n = xq. Claim 13.41 and item (iv) are proved. 

We will prove item[(v)| Let f s :Ix R"" 1 -> RSn-6a-4 = R 4 x x R 8& be 

the map 



(24) f s (t,x)= I ^± + l\rj(t)\*-a(t)C{O a (t)), fj*h(t,x),f}*<p(t,x)j, 

where C(u) = ( cos(Ti(u), sin(Ti(u)), cos(T 2 (u)), sin(T 2 (u))) , with u e R, and the 
function 6* s : J — > R is given by 



Jto V 55 + 11^)1 - a ( T ) 



where G : 7 -> R is given by G(t) = (p(i) 2 + |rf(i)| 2 - 2 £ (t) 2 - g±ii|g^^ . 

Claim 3.5. For each integer I, we can choose the step functions S[ |[t 2 | + i,t 2 i+3) an d 
^2 l[*2i,*2i+2) sufficiently large so that the function 8 S : I — > R is well defined. 

In fact, it follows from ([18]) that i- + \\fi{t)\ 2 - a(t) > 4- - a(t) > j-. Note that 



2c 1 2 I ' V / I " , \°J — 2c "VJ ^ Ac' 

A 2 

ait) + \ (m,m)) ) = («'(*) + (v'(t),f,(t))f < s(t) + \m\ 2 W(t)\ 2 , 

where 5(t) = a'(t) 2 + 2\a' (t)\\fj' (t)\\fj(t)\. Thus, it holds that 

( (aW + ^ (<)|2) ') 2 < * m + m ? '^' 2 



2(£ + ±|#)| 2 -a(t)) " l#)l 2 +Q-2aW) 

< 2c8{t) + \f,'{t)\ 2 
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This implies that 

((a(t) + ±\fj(t)\ 

p(t) 2 + W(t)\ 2 -2e(t) 2 - -)- 1 -T^jwr, ' ' > P (t) 2 2e{tf - 2c5(t) 

2 {tc + imt)\ 2 ~ a{t)) 

Since p(t) — 2e(t) > 0, using (JT5J) we also can choose for each integer I the step 
functions S[ |[t 2!+1 ,t 2i+3 ) and 5'||[t 2! ,t 2i+2 ) sufficiently large satisfying that p(t) 2 - 
2e(t) 2 - 2cS(t) > 0. This implies that t , i,?ff 2 — ttv > 0. Claim [33] is proved. 

Note that (j a {t,x)J B {t,x)\ = ± since \C{6 s {t))\ 2 = 2, |r? * (t, x)\ 2 = 2a(t) and 

(fj*h(t,x), fj*h(t,x)) = -\fj(t)\ 2 . Thus the image f s (I x R"- 1 ) c § 8 a n ~ 6a ~ 5 (c) . 
Furthermore, a direct computation shows that 

/ 



/;«,» 



\<t) + \\m? 



\ 



2 (£ + il*K*)l 2 "«(*)) V2c 2 



^- + ^(*)| a -o(*))^(*) 2 |* a 



= p(t) 2 eft 2 + m{t?dx\ + ... + n a+b {t) 2 dx 2 a+b . 

This implies that f s :Ix R™ _1 — > §^™~ 6a ~ 5 (c) is an isometric immersion. 

Claim 3.6. The immersion f s is injective. 

In fact, assume that f s (ti, x 1 ) = / s (i 2 , x 2 ), for some t\^2 £l and x x ,x 2 £ 
In particular, using (|24|) . we have 



pn— 1 



^ + |l^(*x)l 2 - afaJC&fa)) = ^/i + i|# 2 )|2 - a(t 2 )C(0 s (t 2 )). 

Since |C(0 s (i))| = 2, for all t £ I, we obtain that |f?(*i)| 2 -2a(*i) = |ry(t 2 )| 2 - 2a(t 2 ), 
thus C(0 s (ti)) = C(0 8 (t 2 )). This implies that cos(T 1 (0 s (t 1 ))) = cos(7i(0 s (i 2 ))). 
Since the functions 6 S , cos(Ti (it)) are diffeomorphism of I, R onto its corresponding 
images we obtain that t\ = t 2 . The argument to show that x 1 = x 2 is similar to 
Claim EH 



Claim 3.7. f s is an embedding. 

In fact, we need to prove that the inverse map (/ s ) _1 : f s (I X R™ -1 ) — > I x R™ -1 
is continuous. To do this, let j/ n = f s {t n ,x n ) be a sequence that converges to a 
point yo = f(to,x ). In particular, using (|24[) . we obtain 



limy ^ + ^(Ul 2 - «(*») = y ^ + ^l#o)| 2 - a(i o )C(0 s (i o )). 

Since \C0 s (t))\ = 2, for all t £ I, it follows that lim|?7(i„)| 2 - 2a(i n ) = |r?(*o) 1 2 - 
2a(to). Since 

T + h\v(to)\ 2 ~ a(*o) > we obtain that limC(0 s (t„)) = C(0 s (t o )). 
Thus, Umcos(Ti(0 s (f n ))) = cos(Ti(0 s (t o ))). Using that cos(T x (0 a (i))) is a diffeo- 
morphism of J onto its image it follows that limi n = to. The argument to show 
that lim x n = x° is similar to Claim 13.41 This concludes Claim 13.71 Item (v) is 
proved. 
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Finally we will prove[(vij} Let f h : Jx R" -1 -> R^r 5a - 6 =RjXR a x (R 2 ) a x 
be the map 



(25) fh(t,x)= \^J^+2a(t)h(§ h (t)),fj{t), rj*h(t,x),fj*<p(t,x)j, 
where a : I — > [0, oo) is defined in (JTSJ) and R is the function given by 



(26) k{t) ~ L V iriw (* )2 - 2 ' (r » 2 + jrwi) dT 



The function ^ : / R is well defined since p(t) 2 - 2e(t) 2 > 0. Note that 
(hit, x)f h (t, x)} = - (i + 2o(t)) + |r)(i)| 2 - |77(i)| 2 + 2a(t) - -±. Thus the image 
/^(JxR™ -1 ) C H^™~ 5a ~ 7 (— c). Furthermore, by a standard computation, we obtain 

= (~ T + [l + M*)) <W + \m\ 2 ) dt 2 



= p(t) 2 di 2 + m{t) 2 dx 2 + ... + r] a+b {t) 2 dx 2 a+b 
This implies that : M — » R8n-5a-7 j g an i somc tric immersion. 
Claim 3.8. The immersion fh is injective. 

In fact, assume that fh(ti, x 1 ) = fh(t2,x 2 ), for some ti,t% G / and x 1 , x 2 G R™ _1 . 
Since (h(§ h (t)),h(6 h (t))^ = -1 it follows from {25]) that a(*i) = a(t 2 ), hence 

htfhfa)) = h(6 h (t 2 )). Thus sinh(^(*i)) = sinh(^(i 2 )). Using that smh(§ h (t)), 
with t G /, is injective we obtain that t\ = t%. The argument to show that x 1 = x 2 
is similar to Claim l3~3l This proves Claim l3~8l 



Claim 3.9. fh is an embedding. 

In fact, it suffices to prove that the inverse map (fh)^ 1 '■ //i(^ x R" _1 ) —> /xR' 1 " 1 
is continuous. To do this, let y n = fh(t n ,x n ) be a sequence convergent to a point 
Ho = fh(to,x°). In particular, we obtain that 



lim J- + 2a(t n )h(6 h (t n )) = J- + 2a(t ) h(8 h (t )). 

n V C V C 

Since (h(§h{t)) 1 h(§h{t))' S J = —1 we obtain that lim i + a(t„) = ^+a(to) > 0, hence 

]hnh(6h(tn)) = h^hito)), which implies that limsinh(0/ l (i„)) = sinh(0^(to))- Since 
sinh(0ft (t)) is a diffeomorphism of / onto its image, we obtain that linrt„ = to. The 
argument to prove that lim a;™ = x° is similar to Claim [3~^1 This concludes Claim 
3.91 Theorem II .11 is proved. 
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